Section 6.1

Laplace Transform |

Version: 2016-01-25



@ The (bilateral) of the function x, denoted L{ )} or X, is
defined as {
X(9 = XHedat.
@ The of X, denoted L { X} or x is then
given by
1 | .
=(— . X(9 lds
A= (55 g X9

where Re{ § = 0 is in the ROC of X=(Note that this is a contour
/ntegration, since Sis complex(.

@ We referto xand Xas a and denote this
relationship as

X1 —— X(s(

@ In practice, we do not usually compute the inverse Laplace transform by
directly using the formula from above. Instead, we resort to other means
(to be discussed later.(
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@ Two different versions of the Laplace transform are commonly used:

Q the bi/ateral (or two-sided) Laplace transform; and
Q the wnilateral (or one-sided) Laplace transform.

@ The unilateral Laplace transform is most frequently used to solve systems of
linear differential equations with nonzero initial conditions.

@ As it turns out, the only difference between the definitions of the bilateral
and unilateral Laplace transforms is in the /ower /imit of integration.

@ In the bilateral case, the lower limit is —<, whereas in the unilateral case,
the lower limitis .0

@ For the most part, we will focus our attention primarily on the bilateral
Laplace transform.

@ We will, however, briefly introduce the unilateral Laplace transform as a
tool for solving differential equations.

@ Unless otherwise noted, all subsequent references to the Laplace
transform should be understood to mean b//ateral Laplace transform.
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Let X'and Xt denote the Laplace and (CT) Fourier transforms of x;
respectively.

The function X(9 evaluated at S= Jw (where wis real) yields Xe(w).
Thatis¢

X(9 s jw= Xe(w.(
Due to the preceding relationship, the Fourier transform of xis sometimes
written as X{( Jw.(
The function X(9 evaluated at an arbitrary complex value s= 0+ jw

(where 0 = Re{ & and w= Im{ &) can also be expressed in terms of a
Fourier transform involving X In particular, we have

X(9|so+ jw= Xe(w(
where Xt is the (CT) Fourier transform of x(£) = e 9x(f(
So, in general, the Laplace transform of xis the Fourier transform of an
exponentially-weighted version of X

Due to this weighting, the Laplace transform of a signal may exist when
the Fourier transform of the same signal does not.
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Section 6.2

Region of Convergence (ROC(
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@ The set Rofallcomplex numbers Ssatisfying

Re{ g < a

for some real constant &ais said to be a

@ Some examples of LHPs are shown below.

a<o Im{ s a>0 Im{ s

Re{ Re{ g
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@ The set Rofallcomplex numbers Ssatisfying

Re{ g > a

for some real constant &ais said to be a

@ Some examples of RHPs are shown below.

Im{ & a< 0 Im{ s a> 0

Rel & Re{ g
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@ Fortwo sets Aand B, the of Aand B denoted AN B, is the
set of all points that are in both Aand B,

@ An illustrative example of set intersection is shown below.

Im Im Im

2 | 2 1 2 1
1 + 1 + 1 4+
L) 53 Re L —F 4 Re L m— 5 4 Re
1- 1— 1-
2 2— 2
R i RNA
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@ As we saw earlier, for a signal x; the complete specification of its Laplace

transform X requires not only an algebraic expression for X, but also the
ROC associated with X.

@ Two very different signals can have the same algebraic expressions for X.

@ Now, we examine some of the constraints on the ROC (of the Laplace
transform) for various classes of signals.
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@ The ROC of the Laplace transform X consists of sir/ps paralle to the
/maginary axisin the complex plane.

Q@ If the Laplace transform Xis a rational function, the ROC does not
contain any poles and the ROC is bounded by poles or extends (o
infinity.

@ If the signal xis 7/nite duration and its Laplace transform X (9 converges

for some value of 5 then X (9 converges for a// valuesof s(i.e., the ROC is
the entire complex plane).

Q Ifthe signal xis r/ght sidedand the (vertical) line Re{ & = Tg is in the
ROC ofthe Laplace transform X'= L{x}, then all values of Sfor which
Re{ & > og mustalso be in the ROC (i.e., the ROC contains a RHP
including Re{ & = o).

@ Ifthe signal xis /&t sdedand the (vertical) line Re{ & = og is in the ROC

of the Laplace transform X= L{ X}, then all values of sfor which
Re{ & < oo mustalso be in the ROC (i.e., the ROC contains a LHP
including Re{ & = 0.(0




Q@ If the signal xis o sided and the (vertical) line Re{ & = opis in the ROC

of the Laplace transform X = L{x}, then the ROC will consist of a si7/p in
the complex plane that includes the line Re{ & = oo.

@ Ifthe Laplace transform X of the signal xis rafional (with at least one
pole), then:

@ If xis right sided, the ROC of X'is to the right of the rightmost pole of X
(i.e., the RHPto the right of the rightmost pole.

Q If xis /eft sided, the ROC of X'is to the left of the leftmost pole of X (i.e., the
L HPto the /eft of the leftmost polé)

@ Some of the preceding properties are requnaarnt (e.g., properties 1, 2, 4,
and 5 imply property 7).

@ Since every function can be classified as one of finite duration, left sided but
not right sided, right sided but not left sided, or two sided, we can infer from
properties 3, 4, 5, and 6 that the ROC can only be of the form ofa LHP, RHP,
vertical strip, the entire complex plane, or the empty set. Thus, the ROC
must be a connected region.



Section 6.3

Properties of the Laplace Transform
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Property Time Domain Laplace Domain ROC
Linearity axi()+ ax(l) ax(9+ aX(y Atlkast RNA
Time-Domain Shifting Xt —10b) e X(9 R
Laplace-Domain Shifting X 1) X(s—%) R+ Re[ 40
Time/Frequency-Domain Scaling X at) El[X ;—; ar
Conjugation X4(0) XH(sY R
Time-Domain Convolution Time- X k060 X1(9 (L At least RN R
Domain Differentiation Laplace- 2 X K sX(« At least R
Domain Differentiation Time- }—[)((t( 7ds)((s( R
Domain Integration L xT)an 1x(g Atleast RN{Rel & > {0
Property

Initial Value Theorem  X(0*) = Isjom sX(L
Final \alue Theorem tlim)((l‘) = IirBISX(s(
— 00 s_>
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Pair X 1) X(9 ROC

1 (4 1 All s

2 UK 3 Re{g >0

3 —U 1 Re{g<0

4 U K S Re{ g > 0

5 —tMU—K( 2 Re{ g <0

6 e UK =  Re{g>-a
7 — &K == Re{ g < —a
8 re¥uy ol Reld > -a
9 e~ s Rel§ < -a
10  Jcoswof U K ey Re{d >0
11 Jsnwod U K s~ Re{g>0
12 JeTooswodul 2 Reld> -a
13 ] sinwof| K ﬁ Re{ § > —a
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