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(Bila te ra l) Laplace  Trans form The (bila teral) Laplace transform of the  function x, denoted L { x}  or X , is  

defined as  

X (s) =  
{  ∞ 

−∞  

The inverse Laplace transform of X , denoted L−1{ X }  or x, is  then 

given by 

x(t)e−st dt. 

x(t ) =  
1 

2π j 

 { σ+  

j∞ σ− 

j∞ 

X (s)est ds, 

where  Re{ s}  =  σ is  in the  ROC of X . (Note  that this  is  a  contour 

integration, s ince  s is  complex .)  

We refer to x and X as  a  Laplace transform pair  and denote  this  

re la tionship as  
 

x(t) ←→ X (s ).  
 

In practice, we do not usually compute  the  inverse  Laplace  transform by 

directly us ing the formula  from above. Instead, we resort to other means  

(to be  discussed la ter ).  

LT 
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Bila te ra l and Unila te ra l Laplace  Trans forms  
Two different vers ions  of the  Laplace  transform are  commonly used: 

1 the  bilateral (or two-sided) Laplace  transform; and 

the  unilateral (or one-sided) Laplace  transform. 2 

The unila teral Laplace  transform is  most frequently used to solve  sys tems of 

linear differentia l equations  with nonzero initia l conditions. 
 

As it turns  out, the  only difference  between the  definitions  of the  bila teral 

and unila teral Laplace  transforms is  in the  lower limit of integration. 
 

In the  bila teral case, the  lower limit is  −∞, whereas  in the  unila teral case, 

the  lower limit is  0.  
 

For the  most part, we will focus  our a ttention primarily on the  bila teral 

Laplace  transform. 
 

We will, however, briefly introduce  the  unila teral Laplace  transform as  a  

tool for solving differentia l equations. 
 

Unless  otherwise  noted, a ll subsequent references  to the  Laplace  

transform should be  unders tood to mean bilateral Laplace  transform. 
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Rela t ionship Be tween Laplace  and Fourie r  Trans forms  Let X and XF denote  the  Laplace  and (CT) Fourier transforms of x, 

respectively. 

The  function X (s) evaluated at s =  jω (where  ω is  real) yields  XF(ω). 

That is, 
 

X (s)|s=  jω =  XF(ω ).  
 

Due to the  preceding rela tionship, the  Fourier transform of x is  sometimes  

written as  X ( jω ).  

The  function X (s) evaluated at an arbitrary complex value  s =  σ +  jω 

(where  σ =  Re{ s}  and ω =  Im{ s} ) can also be  expressed in terms of a  

Fourier transform involving x. In particular, we have  
 

X (s)|s= σ+  jω =  XF
′ (ω ),  

 

where  XF
′  is  the  (CT) Fourier transform of x′(t) =  e−σt x(t ).  

So, in general, the  Laplace  transform of x is  the  Fourier transform of an 

exponentia lly-weighted vers ion of x. 

Due to this  weighting, the  Laplace  transform of a  s ignal may exis t when 

the  Fourier transform of the  same s ignal does  not. 
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Laplace  Trans form Examples  

THIS  S LIDE  IS   INTENTIONALLY  LEFT  

BLANK. 
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Region of Convergence  (ROC) 
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Left-Half P lane  (LHP) 

The set R of a ll complex numbers  s satis fying 
 
 

Re{ s}  <  a 
 

for some real constant a is  said to be  a  left-half plane (LHP). 

Some examples  of LHPs are  shown below. 

Re{ s}  
a 

Im{ s}  a >  0 Im{ s}  a <  0 

Re{ s}  
a 

Version: 2016-01-25 



Right-Half P lane  (RHP) 

a 

The set R of a ll complex numbers  s satis fying 
 
 

Re{ s}  >  a 
 

for some real constant a is  said to be  a  r ight-half plane (RHP). 

Some examples  of RHPs are  shown below. 
 
 

Im{ s}  a <  0 Im{ s}  a >  0 

Re{ s}  
a 

Re{ s}  

Version: 2016-01-25 



Inte r section of Se t s  

For two sets  A and B, the  intersection of A and B, denoted A ∩ B, is  the  

set of a ll points  that are  in both A and B. 
 

An illus tra tive  example  of set intersection is  shown below. 
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Region of Convergence  (ROC) 

As we saw earlier, for a  s ignal x, the  complete  specification of its  Laplace 

transform X requires  not only an algebraic express ion for X , but also the 

ROC associated with X . 

Two very different s ignals  can have  the  same algebraic express ions  for X . 

Now, we examine  some of the  constraints  on the  ROC (of the  Laplace  

transform) for various  classes  of s ignals. 

Version: 2016-01-25 



Properties  of the  ROC 
1 The ROC of the  Laplace  transform X consis ts  of strips parallel to the 

imaginary axis in the  complex plane. 

If the  Laplace transform X is  a  rational function, the ROC does not 

contain any poles, and the ROC is  bounded by poles or extends to 

infinity. 

If the  s ignal x is  finite duration and its  Laplace  transform X (s) converges 

for some value of s, then X (s) converges  for all values of s (i.e., the  ROC is  

the  entire  complex plane). 

2 

3 

4 If the  s ignal x is  right sided and the  (vertical) line  Re{ s}  =  σ0 is  in the  

ROC of the  Laplace  transform X =  L { x} , then all values  of s for which 

Re{ s}  >  σ0 must a lso be  in the  ROC (i.e., the  ROC contains  a  RHP 
including Re{ s}  =  σ0). 

5 If the  s ignal x is  left sided and the  (vertical) line  Re{ s}  =  σ0 is  in the  ROC 

of the  Laplace  transform X =  L { x} , then all values  of s for which 

Re{ s}  <  σ0 must a lso be  in the  ROC (i.e., the  ROC contains  a  LHP 

including Re{ s}  =  σ 0).  
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Properties  of the  ROC (Continued) 
6 If the  s ignal x is  two sided and the (vertical) line  Re{ s}  =  σ0 is  in the ROC 

of the Laplace transform X =  L { x} , then the ROC will consis t of a  strip in 

the  complex plane  that includes  the  line  Re{ s}  =  σ0. 
 

If the  Laplace  transform X of the  s ignal x is  rational (with a t leas t one  

pole), then: 

7 

1 If x is  right sided, the  ROC of X is  to the  right of the  rightmos t pole  of X 

(i.e ., the  RHP to the  right of the rightmost pole). 

If x is  left sided, the  ROC of X is  to the  le ft of the  le ftmos t pole  of X (i.e ., the  

LHP to the  left of the leftmost pole). 

2 

Some of the  preceding properties  are  redundant (e.g., properties  1, 2, 4, 

and 5 imply property 7). 
 

Since  every function can be  class ified as  one  of finite  duration, left s ided but 

not right s ided, right s ided but not left s ided, or two s ided, we can infer from 

properties  3, 4, 5, and 6 that the  ROC can only be  of the  form of a  LHP, RHP, 

vertical s trip, the  entire  complex plane, or the  empty set. Thus, the  ROC 

must be  a  connected region. 
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Properties  of the  Laplace  Trans form 
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Properties  of the  Laplace  Trans form 

Property Time Domain Laplace  Domain ROC 

Linearity 

Time-Domain Shifting 

Laplace-Domain Shifting 

Time/Frequency-Domain Scaling 
 

Conjugation 

Time-Domain Convolution Time-

Domain Differentia tion Laplace-

Domain Differentia tion Time-

Domain Integration 

a1x1(t) +  a2x2(t) 

x(t − t0) 

es0t x(t) 

x(at) 
 

x∗(t) 

x1 ∗ x2(t) 

a1X1(s) +  a2X2(s) 

e−st0 X (s) 

X (s − s0) 

At leas t  R1 ∩ R2 

R 

R +  Re{ s 0}  

aR 
 

R 

At leas t  R1 ∩ R2 

At leas t  R 

R 

At leas t  R ∩ { Re{ s}  >  0}  

1  X 
  s    

|a| a 

X ∗(s∗) 

X1(s)X2(s) 

sX (s) d x(t) dt 
−tx(t) d X (s) ds { t 

−∞  x(τ)dτ 1 X (s) s 

Property 

Initia l Value  Theorem x(0+ ) =  lim sX (s) 
s →∞  

Final Value  Theorem lim x(t) =  lim sX (s) 
  t →∞  s→ 0  
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Laplace  Trans form Pa irs  
Pa ir x(t) X (s) ROC 

Re{ s}  <  −a 

t e u(t) n −at   n!   
(s+ a)n+ 1 

n! 
(s+ a)n+ 1 

1 

2 

3 

4 

5 

6 

7 

8 
 

9 −tne−at u(−t) 
 

10 [cos ω0t]u(t) 
 

11 [sin ω0t]u(t) 
 

12 [e−at cos ω0t]u(t) 
 

13 

δ(t) 

u(t) 

1 
1 

All s 

Re{ s}  >  0 

Re{ s}  <  0 

Re{ s}  >  0 

Re{ s}  <  0 

Re{ s}  >  −a 

s 
1 
s 
n! 

−u(−t) 

tnu(t) 
sn+ 1 

−tnu(−t) 

e−at u(t) 

−e−at u(−t) 

n! 
sn+ 1 

1 
s+ a 

1 
s+ a 

Re{ s}  >  −a 

Re{ s}  <  −a 

Re{ s}  >  0 
 

Re{ s}  >  0 
 

Re{ s}  >  −a 

s 
s2+ ω2 

0 
ω0 

s2+ ω2 
0 

s+ a 

(s+ a)2+ ω2 
0 

[e−at sin ω0t]u(t) ω0 

(s+ a)2+ ω2 
   0  

Re{ s}  >  −a 

Version: 2016-01-25 


